Transport and gain properties of a resonant-phonon terahertz quantum cascade laser are calculated using nonequilibrium Green's functions. Impurity scattering is shown to be responsible for contrasting nonlinear effects in the transport and the gain properties. For typical doping concentrations, the current density is found to be weakly sensitive to the impurity scattering strength. In contrast, the calculated gain is found to be very sensitive to the impurity scattering strength. This difference is attributed to the strong momentum dependence of the long-range coupling to charged impurities. Small-momentum impurity scattering is shown to be responsible for an incoherent regime of resonant tunneling processes. These new insights into the crucial role of impurity scattering open a new route of improvement of terahertz quantum cascade lasers by engineering of the doping profile.
Since the discovery of terahertz (THz) quantum cascade lasers (QCLs), great efforts in optimizing these devices have been made with the ultimate goal of developing high-power THz lasers operating at room temperature [1] [2] [3] [4] . Among the THz QCL design parameters, the influence of the doping concentration on the performance of these devices has been studied experimentally in various THz QCLs [5] [6] [7] [8] [9] . Theoretically the elastic scattering of electrons by ionized charged impurities has be shown to play a key role [10] [11] [12] [13] . However, a conclusive understanding of the influence of charged impurities on the transport and gain properties is still lacking. Experimentally, the paradox is the following: (i) the current density is observed to evolve almost linearly with the doping density, suggesting a minor role of charged impurity scattering (CIS); (ii) the output power does not evolve linearly, but rather saturates, suggesting an important influence of CIS. An optimum for the terahertz amplification is observed at a doping concentration at which the transport properties still evolve linearly. This paradoxal behavior has not been explained by any of the various theoretical studies reported so far . Here we calculate the transport and gain properties of a resonant-phonon THz QCL using the formalism of nonequilibrium Green's functions (NEGF) [29] [30] [31] [32] [33] [34] [35] [36] . Simulations are done for varying CIS strengths and varying doping concentrations. We demonstrate that CIS has a markedly different effect on the transport and the gain properties. For typical experimental doping densities, CIS is shown to be a major source of saturation of the gain with increasing doping density. In contrast, the current densities evolve almost linearly for the same doping densities. Yet CIS is shown to be responsible for the incoherent nature of the resonant tunneling processes even at low doping concentrations. This difference in behavior between the current and the gain with varying doping concentrations is attributed to the strong momentum dependence of the electron-charged-impurity interaction.
We consider a resonant-phonon THz QCL design similar to the one reported in Ref. 37 , in which a record operating temperature of almost 200K has been demonstrated. The conduction band diagram with the probability densities of the lowest Wannier-Stark states is shown in Fig. 1 at the designed operating bias. The NEGF calculations are performed in a cylindrical basis for the in-plane motion, extending the calculations reported in Refs. 38 and 39 for lateral confinement in nanowires. For large diameters, our calculations converge towards the two-dimensional limit for the in-plane motion 38, 39 . A mode-space basis is used in the axial direction, and fieldperiodic boundary conditions are used. Inelastic scattering due to optical and acoustic phonons, as well as elastic scattering due to charged impurities, interface roughness and alloy disorder are taken into account within the selfconsistent Born approximation. Electron-electron interaction is treated within the mean-field approximation by solving self-consistently the corresponding Poisson equation. The gain is calculated in a self-consistent way within the linear response theory 11, 30 . The effect of electron-impurity interaction is separated into (i) a mean field which is found by solving selfconsistently the Poisson equation for the electrostatic potential, and (ii) incoherent scattering processes (CIS) described by a self-energy. To evaluate the latter, we express the screened Coulomb potential created by a given ionized dopant located at the position r d
where ε 0 ε s is the static dielectric constant and λ s is the screening length. λ s is calculated within the Debye screening model for an equivalent 3D homogeneous electron gas with the same average electron densityn 3D :
where T e is taken as an effective electron temperature. More precisely, we calculate the mean kinetic energy E in the lateral directions. We then set the effective temperature T e so that E matches the mean kinetic energy E eq (T e ) of a thermalized 2D electron gaz. For a lattice temperature of 200 K studied in the following, T e is found to vary between 200 K and 234 K. The above expression for the screened Coulomb potential is then used to evaluate the CIS self-energy within the self-consistent Born approximation 38 . It is instructive to express the coupling correlation between two axial positions (z 1 ,z 2 ) as a function of the scattered in-plane momentum k
where ∆z = (|z
is the mean axial distance to the ionized dopant. The momentum dependence of W is plotted in Fig. 1 as a function of E = 2 k 2 /2m * for various typical mean axial distances to the impurities. The importance of this strong momentum dependence is discussed below as the origin of the contrasting effects of CIS on transport and gain. In contrast to previously reported NEGF studies of CIS, the full in-plane momentum dependence of the CIS is taken into account 12,13,29 , and no approximation is made for the axial form factor 32 . Fig. 2 displays current-voltage (I-V) characteristics ( Fig. 2(a) left scale) , the intensity gain at 3.4 THz versus voltage ( Fig. 2(a) right scale) and the intensity gain spectrum ( Fig. 2(b) ) at a temperature of 200 K. To describe the interface roughness, typical values of an amplitude of 0.1 nm and an exponential correlation length of 8 nm are assumed 28 . Such interface roughness is found here to have a minor role with respect to the CIS discussed in the following. The calculated I-V characteristics is F r e q u e n c y ( T H z ) 4 consistent with the experimental one 37 , and the maximum gain at this maximum operating temperature of 200 K matches the typical losses measured in these THz cavities 40 . To investigate the sole effect of CIS, simulations in which only the self-energy describing CIS is artificially multiplied by a factor 0, 0.5, or 2 are also shown in Fig. 2 . Mean-field effects are hence excluded and will be discussed later. Without any impurity scattering, the shape of the I-V characteristics is remarkably different (Fig. 2(a) ). It shows a marked resonance for a potential drop per period which matches the longitudinal-optical (LO) phonon energy (taken here as 36.7 meV). For CIS strength being tuned from 0.5 to 2, more modest changes in the I-V characteristics are observed in Fig. 2(a) . In contrast, the gain properties are much more sensitive to these relative variations in the impurity scattering strength. For a CIS reduced by a factor 0.5, the max- imum gain in Fig. 2(b) is almost twice (40 cm −1 instead of 21cm −1 ). To gain more insights into the role of CIS, the energyresolved electron density is derived from the lesser Green's function and plotted in Fig. 3 with and without considering CIS. In absence of CIS (Fig. 3b) , the states across the thick tunnel barriers for injection and extraction clearly anticross, which indicates a coherent tunneling regime. In the full calculation ( Fig. 3(a) ), an incoherent tunneling regime is observed with much broader states. As the impurity scattering is turned on, a transition from coherent to incoherent tunneling occurs when the impurity scattering strength reaches around 0.1 of its full value (i.e. corresponding to a doping density of 3 × 10 9 cm −2 for the full calculation). Calculations of the doping dependence of the current density at the operating bias of 58mV/period and intensity gain at 3.4 THz are reported in Fig. 4 . Square symbols account for the full doping dependences, i.e. accounting for both CIS and mean-field effects. The current density at the operating bias is found to evolve almost linearly with the doping density. In contrast the gain is found to saturate at the experimental doping density. To distinguish between CIS and mean-field effects, calculations of the current and the gain assuming no meanfield interaction are also shown by triangles in Fig. 4 . The gain then shows a less pronounced saturation effect with increasing doping density, as the electric mean field starts to be significant for doping densities larger than 3 × 10 10 cm −2 . The difference in the evolution of the gain between the full model and the no-mean-field model suggests that a further increase in the doping density should be accompanied by an adjustment of the design to compensate for the increasing mean field. To investigate the influence on CIS of the spatial confinement of the impurities in the doping region, additional calculations assuming a homogeneous doping over the whole period and no mean field are indicated by solid circles. The saturation of the gain is then found to be much stronger than in the latter case, confirming that proximity of the dopants with the lasing states is detrimental. We now discuss the origin of the contrasting effects of CIS on transport and gain. As shown in Fig. 1(b) , the impurity interaction term is the largest for small momentum transfer, and rapidly decreases with increasing momentum. Small-momentum scattering is expected to affect the spatial coherence of the electrons, but not to induce scattering among energetically distant levels like the laser states. The large strength of small-momentum CIS explains why the transition from coherent to incoherent resonant tunneling occurs at relatively low doping concentration. In addition, dephasing induced by smallmomentum CIS broadens the gain line, which provides an important contribution to the decrease of the maximum gain as seen in Fig. 2(b) . The fact that gain broadening was a major limitation of gain was already pointed out in Ref. 12 . On the contrary, direct scattering among the laser states, involving a lateral kinetic energy around 14 meV, is much less favorable (see Fig. 1(b) ). This explains why population inversion can still be obtained at the experimental doping concentration, whereas the transition from coherent to incoherent regime for the resonant tunneling processes occur one order of magnitude below.
To explain the relatively weak dependence of the current densities versus the doping dependence, in particular at the operating bias, one has to consider the opposite effects of CIS on resonant tunneling and on scattering among the laser states. A decrease in the tunneling efficiency when going from coherent to incoherent tunneling regime is expected to occur. Yet, the current flow over the whole structure at the operating bias is mainly limited by the scattering from the upper to the lower laser level. As the CIS between the laser levels is much less favorable, this explains why the change in the current is relatively modest with respect to the gain.
In summary, NEGF calculations including the full inplane dependence of the charged impurity scattering are reported. A contrasting influence of impurity scattering on transport and gain is demonstrated, which is attributed to the long-range nature of the coupling to impurities. These new insights into the counter-intuitive role of impurity scattering suggest new routes for THz QCL optimization by engineering of the doping profile. 
